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elementarizaticn further [1]. At this ldte‘&;to‘igzrt still
continues to be a need for a truly elementary prog(; fcr oxalplo;
the recent book of WMcKinsey on game theory [3] omitted a self— |
eontained procf because none was available. ' %qr

Kuhn [2] 1n his "Lectures on the Theory of GCames" gives a: ",ﬂﬂ
bibliography of some cf tne better known pruufs of the Nin-¥Max 4 e
Theorea, together with a discussion of tneir general character— <:
tstics which he droadly c.aseifies into (1) those Sascd on ’ zgg
agéparaticn properties of convex sets and (2) those using some -j;%
notion of a fixed pouint of a ipanlrounltlon. Kunn in [2] and ;z‘ui
McKinsey in [}] provide procfs along the lines of von Neumann J
[1] based on a separation theofem. Dresher in [i] gives a ulr-"',_-_
cuntained procf along tne lineg. cf Ville. As was pointed cut
in Weyl [5]. the Min-Max hocm is coapletely algedraic and "?@3.‘

-t

should be given an algebraic proof. The purely algebraic pro.fs, g

wnen made se}f—contained and olqnontgry, appear to be quite 1°“!ﬂ(
2], (4], (5], ana, with the exceptiaon of Weyl's proof (5], maie
use® of non—algebraic concepts as the minimum of & continuous .
function on a cjosed bounded -ot'is assumed on the set. All Qr
these probto are either pure existefice proofs or, from the ‘

viewp.int of practical computations, non-ccnstructive. iy

The present proof has the following features: It is pur.lx.y:
An

algebraic (in the spirit of Weyl) and elementary in the sense e

»

that it used notring more advanced than the nction of an inverse
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of the class of cptimal strategies. It is a special adaptation:a
for games cf the simplex method used for solving linear

programmsing problemas E&].' As such, it provides perhaps the :FQ*
m.st efficlent means currently availabie for explicitly 4

coustructing crtiimal mixea strategies for uctl. players.

¢ TRE MIN-MAX TMEOREM

It :as been found convenient in a part of tne proof! tc

rompare _certain vectors 'lexicographically.” T.e term le

rorrowed fr.m an a.phabetical.y .rdering of words (as in a

giot. nary). Thus a vectcr A 1s .reater than B (written A > B)
if tre {irst comy nent .f A 18 yreuter tran the first -umpcnent
{ B. I *ne {irst compunents re Lhe same, then the secund

- ap.nente ire . .apared, etc. T. ve zure precise we say A > B

-

1 i —H) >0, were by (A - EB) » 7 s meant trnat (A - B, =8

- .

N n-—-zer .Tn'nen-.s, ‘ne first £ «ricen s positive.
Le: (a, .} e %.e paycff melrix ! 3 finite zerc--6um two-

pers i,y me were &, i3 Ltne pay i U Piayer | (v1.e maximizing

Lajer) wren P .ye:r I piige ,cre 3trote.y ! .ny F.a,er II (the

¢
minimizls. L. ,er) p.ayé ; .re sa*r:‘e,y . Piiyer I (in wrder

I s -imEt nor RTrategy “oins fo.nl w", wnycses & mixed
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strategy (xl, Xor *°° xn) where X, is the probability of playin‘-

s - 3

strategy i; accordingly, Player I's expected payoff becomes

(? “1Jx1) if the minimizing player plays pure strategy J. If

'S

Player 1's mixed strategy is found out he can expect that Player I
will choose J such that & '13‘1 is minimua. Thus, Player I
i

wishes to chouse his X, such that the smaliest such sum (which

1
we will denote by xo) is a maximum. Por similar reasons the

Player II chcoses a mixed strategy Yi» Yoo °°» Y, Such that tne

[ 4

larsest sum 2 a Y, (dencted by yo) 1s minimum. The Min-Max

1)
Tne.rem states that there exists a choice for Player I of X ® :1
and a choice for Player II of yJ L 9J such that tne corresponding -  :
Ky ;o is the maximum value for X and the corresponding Yo = §°
is the minimum value for Y and, moreover, Qo - §o‘ The common
value of ;U and ;o is known as the "value" of the game.

To establish this result we shall consider, as is often
done, a related linear inequality prcblem. Let X4 and yJ

satisfy the system of relations

(1) %, >0, (1el,**,m);  (#) ¥, 20 (31,

z (5) 2 1
2 L X, =1 ; g Ly, =
(& o) 4 gaid

If we multipiy (3) througn by any Y, satisfying (+). (5), and
(6) ard eum witn respect tc J; similariy multiply through (€) by

any x, satisfying (1), (2), (3) and sum with respect tc i, one



cbtains immediately

(7) x, =x,Iy,<

80 that the lower bounds x, never exceed the upper bdbounds Y, -

We snall, nowever, construct a solution X, = ii and yJ - 9J '

with the property that

A

(8) TSN

In particular (7) holds for 90 and any x, and also for £o and

any y,. It follows, therefore, that x_ < y, = X, < ¥, and
A

A
(9) X, =Max x_ and y_ = Min y_

and the Min-Nax Theorem would be demonstrated.

3. PROOF OF THNE RIN-MAX TMEOREM

We shall degin the proof by augmenting the matrix of the

game ‘13 and consider the matrix

— -
0 l [ ] - L] l o [ ] L] o
) ™ &11 . [ .ln 1 )
(10 -1 "
-1 8m1 amn 0 [ [ ] l [

L .
The cclumns of this matrix will be denoted PO; Pl' KA Pn;
(Pn*l - "1)' S (Pn+m - Um’ where U1 are unit vectors witn i

in the (1 » 1)st component. It wili be convenient to arrange



the rows of the matrix sueh that

(11) e Nax a

a
ml 4

11~

Let B (which we will call a basis) be a subset of (m+l)
columns of (10) (including P, as first coiumn) which, considered
as an m+¢l oﬁuan matrix, is non—singular and let the rows cf the
inverse of B be denoted by Pi where { « 0, 1, ***, m. We shall
further require that B. to be a basis, have the property that
each row (except 1 = 0) of the inverse cf B hive its first
non—gero component positive. Thus we are assuming in the

lexicographic sense that

(12) By >0 (L=21,2, "', m).

F.r example, we may choose B = Bo as ccnsisting of the first
twc columms of (10) and the unit vectors Uy, =+ U, ;- This
near identity matrés

'o - [Po'Pl’ul’.”'Un-lJ = [Po' Pl' ’n+1’“"rn+n-1]

is obviously non—singular and possesses a simple inverse

i 8,1 0 0 0 =1
3 0 0 0 0
(13) B;J . b, i 0 -1
b,
L bl—l




where b, = a_, ~a,;. Because of (11) 1t follows that b, 20
and our speeial lexicographic assumption (12) holds.

Let the columns of a general basis bde denoted by
(14) B - [P, PJ]_' ”."PJnJ

and note that the comntimw‘ﬁkrJl = O for 1 § k and piral =1

for 1, k =0, 1, ***, m (J, = 0) must hold between B and its
inverse. The O-row of B! 1s used to compute the scalar quantit.f.i;,

PoPJ for J=1,2, ***, n, ***, n+ma. Ve shall noi,pmvc

Theorem

If forall j =1, 2, ***, n+n

then the coaponents of the O-ruw and O—column of . yield the

required optimal strategles.

Proof. Denote the components of the O-row of B'l by

(1€) = B, £ R
the components of the O-—column of p~! by , i
SO *3
We shall now show that an optimum mixed strategy for Player I . i
71

is cbtained by setting x, = ii fori =31, 2, *°*, m; and one for s




Player II, by setting y; = §J1 for jy <nand y, = §, =0

for all other J < n. Morsuver, tne vaiue of the game is 20 = 96‘

Indeed, for Player I, it 1s easy to verify tne condition
B,P, = 1 18 the seme as (2); morecver, PPy <O forlgcJgn
are the same as (3), while fur n+l ¢ J ¢ n+m tney are the same
as (1). Por Player II, the lexicograpnic property of the rows
of B'l, namely p1 >0 fcr i el, °*, m implies that tie first
component of ﬂi (which by definition 1s §J1) 18 non—-negative;
thus, (4) 1s satisfied. Multiplying B on the right by O—column
of 1 yields (m+l) linear expressions in (;0, 9‘11, SN 9.} )
which may be equated to unit vector Uo. . )
The first of these (m+l) linear equatiuns yields (5) since '

the 1%

components of I’J1 are unity for 1 ¢ j, < n and zero
otherwise. The remaining m equations yleld the inequalities (6)
i1f tne terms involving J; > n are dropped (the latter are
non-negative because §J1 2 0 and t:.eir coefficients are the
components of the unit vectors Pn+1)' Pinally, the proof is
completed by noting that (o) cr ic - §u nolds since both are

defined in (16) and (17) as the (0,0) element of B~ L.

Constructing an Optimal Basis

It is clear now that the central problem is ~ne .f

constructing a basis B with the property tnat pOPJ < O for

J=1l, 2, **-, n+m since this 1n turn ylelds an optimal mixed

strategy for each player. We shall snow that 1f some basis B,

o ! .f o, 'ﬁ'iﬁfro‘ ‘ A . S
& 2 Nt 0 . ‘-;M.m,z-..adﬁ.



such a8 B _, does not have the requisite property (15), then it
1s easy to construct from B a new basis B® which differs from
B by only one column where O-row of B* (whioc: we denote py 62)

has the property that
(18) B, > B}

{.e., the first npon-zero component cf (30 -'ﬁ;) is positive.

If the new basis B’ does not satisfy (15) then tne algorithm
Just outlined for B is iterated, with B replaced by B®, etc.
This prucess generates a sequence uf bases which terminates wnen
4 basis is obtained that has the required property. Tnis must
ocour in a finite number of steps since the ccndition (18) is

a strict inequality which insures that no basis can be repeated
and the number of different bases cannot excee. the number of
ways of cnoosing m columns cut of n+m from (10)." The O-culumn Hf*
0f successive bases of the iterative process may be interpreted ;
as a succession of improved mixed strategies for Piayer II for
which his expected loss, Yor if his opponent is playing optilallyar‘

w -
is decreasing tc a minimum. Indeed, the components of the first Y

column of any basis (as in (17) and sequel) satiafy (4) and (5) < 4

independently of condition (15), while y , the first component

of Bo, is nun-increasing fror basis to basis by virtue of (18). ‘:a

'In practical computations with tne simplex metnod, ol which -ﬁ!
this is 8 variation, the number c¢f iterati-ns is usually very smalls P
In a gam® case w.ere, say, m,2 of pure strategies are used with ﬂ;ﬂ
positive pr.bability in an uptimal mixed strategy, something in =
the order of m,2 iterations might be expected before an optimal &

baels is cbtalned.

Y -
.

- , g,'_.--.'.i
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64

To construct B* from B let P, denote the column of (10)

th

which replaces the r column of B where P. and PJ are
r

determined by the following rules: Choose P. such that

(19) B.Py = “3‘ B.p, >0, (3 =1, -+, nem) .

In case the choice of 8 is not unique, then choose s with the

smallest index satisfying (23). Next, compute the column vector

V satisfying BV = P'. It 1s clear that components of

Ve {vo, Vie " v.} are given by
(20) Vy = ﬁiP‘ ({1 =0, °**, m)

where, 1in particular v = f P_ > O from (19). We now choose to

drop from B that column PJ such that the lexicographic minimum
r

o the vecturs (l/vl)ﬁ1 for vy > 0 is attained for ! = r. Thus,

(21) (/v )B, = mn(l/vi)ﬁ1 (v. >0, v, > 0)

where {, r p O, and wrere {t is assumed fcr the moment that
trere 18 at least one vy O. The minimizing vector 18 easlily
octained in practice by finding the vector wnose first component
is the least; if there i3 a tie, then one passes to the second
components of tne tying vcctorb and selects the least, etc. A

relaticn which wi.l be used later that follows from (21) 1s

(c2) b, - (vl/vr)f’r > 0 (v1 > 0) .

-y

A
1dy

)}

o~ .
.

v L= é‘ -
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thn the ttu: um’.rx i?g_» bo t

0\- ﬂ"'k'

cmmtxu of the othér ulml i .r. ” | \-u'
! ontrery o m,mm aﬂm; mwm msw (3 0; /
wmwi-ﬂ-vl‘«lv‘“ Wf” T 'ep 'n\’—.
the left all terws omr%Vt.vQMgﬁ_ﬁ |
combsnatien of oohpu i gﬁrr ﬁwz mm ;:';““
s contudiott* L " '.': i . "“,,.. ;-"" M

. I

Y
. hon muuo pm‘y to cbfv mt l’ ﬁp “%f’
| proportin (12) end (18). m wmr, ao—mtﬁu :
of the n-pue.uomx u.,or}u-, 1s obum.a vy mtruatsu

P“ 5 e ‘ = G . .5
B L By = By - (v,/v,)ﬂ,. ; (1 4°),
2 R -

where ﬁ; 1s the 1% row of @'J"l. To verify that (23) 1s
f,",‘.. indeed the inverse df B®, one notes frop’ (23) that for 1 ¥ r
T--« ® ) . ' . ‘
the values pkrh ure the same as ﬂkP“ 0 (orlif 1 =k); 0
moreover, it follows readily from the definitions of vy given in
) L}
(20) that p P = 1 and Bir. «-Qfor i pr.
The required properties of ﬁ; are immediately evident:
Thus, the first non—zerc component of B; 1s positive because 2
f. has this property and v, > 0. Next, for all other

3
(1 =1, 2, ', m) the property must hold §f vy < O since ﬁ; ie ,;




the sum .7 twe vectours with this property. If v, ,» C trern

* 4 ’ N
ﬁl > C by (P2) an1 (23,. Final.v we n %e tha* the re.a''.r
* . e 1
B £ {1 nat ﬁ) > £ ) nclds because Sr. a row (¢ 4 non-
8ing .iar natrix, possemases at .east one aon--zer.. ccmporent ond
[ - S r A P o |4
Bo s fcrmed Ly subtracting r'rem ﬁv a4 vect.r (vu/vr,ﬁr where

Voo o, YD C, nence, (1) ucids and the procf 18 ¢ m; .ete.

. EXAMPLE

Solve the 3 « ¢ game matrix M

1
&

\ M

AV

§ n
n

N T
[]

fron J. D. Wiillams' Trne Compleal Strategyst, Chapter 3,
Exercise 16, []. Element (u, ) f M has been starred. It will
te noted that thie {8 tne maxima. eiement in tne f'irst cclumn.
For convenience, belcw, the se:und and tnird rows have Leen

inter-tanysed £< that this e.ement a;pears 'n tre hettom position

[ -
I otnts colarn ‘n forming tre atgrented -matrix, (2, ., . ij.
-

viven te. w:

P, P R, P, P

i 3 6 0 h 2 H



Initial Iteration

Tre initlal basis, B = B , consists of P_, P, (P, = Ul),
(Pg = U,). The inverse of B _ (giver below) 1s determined by
f.rmula (13). Tne entries v, shown, for the moment, cann:.t te

dtlled in unt!l Pa 18 first letermined.

i ﬁo l € 0 o0 -l vo =6

. R qroeov oo nen

g ﬁb 2 4 0 =1 Vo = 9
L.ﬁ) - L6 o 1 -1 ] vy = 13

Next, Ps - P2 18 determined ty

B()Pa - ﬁop - ?1? ﬂ(\ =5>¢C

3. trat tre entries v, = 8P 5 (gtven above) zan now be computed.

The column r tc be dropped frum the basis !s determined by

f.rming tne lexicogruphic minimum £ the vectcrs. See paragraph 2.

1, v. E = - Hln (1extco.) (1,v,)
/“r’r ﬁ? v 50, 170$ 1P1

Drop cecl r = 2; 1.e., P7.

st

« Iteraticn
Tre nex. '@ 1818 B° = bl is :P( .. ’,. PA] To obtain figf ;
- » l . :
tte irverse set: B, = B, - (vk/vr;ﬂ (k p r) and 3 - (l/iragi"




ey

where r = 2 -where the siperscript (in place of *) refers to

the bssis B = Bk'

11 [1s 6 ) 12
il [® -8 o 2] w-F i
Bi % —é © #é V. = 1
7! - ‘ C
l ] - H
pl 2 : o 1 " N
2 5 5 5 2 5
| b 1 € 8
5} r - 12 B r Va ® 2?
L J - - - } -
where P. - 2 18 determined Dby
Blp, = pip, = Max Blp, - ¥ > c
’O e
and P, = P, = P, 18 determined 'y
dr u’} .
\ ‘ni
(‘/v i% - M:in (lexic .. (A,V,)B‘
pr B) \./ >0, ;‘i e

"¢ (Pinai) Iteration

s B
B, s =
-1 J 7 ?
-1 H 0 6
- -
;‘ by “'.' - ‘:A‘M ;.
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where ho Pe can be determined since B ol < 0 for > 3. Thuo

&an .ptimal sclution has been obtained (from top row) xi - f%(’

A.C ".5 A /\.1() o
X, T% » Xy v TE and (from firat calumn) y, * !5, Jp = % -'E

L 4

A

y5 » 3% where all other ;1 e« C. Tne "vglue of the game" (from s

A

upper left' gurner) 1is X, = ;0 - ;% . It will be noted that

actuaily f2P, = C for all J 3 1, which means there exist other
bases and corresponding solutions. Htlliama shows 1in hio book.

in all, eight such solutions.
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